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Twisted Affine Lie Algebras, Fusion Algebras, and
Congruence Subgroups
Alejandro Ginory
Abstract
The space spanned by the characters of twisted affine Lie algebras admit the action of
certain congruence subgroups of SL(2,Z). By embedding the characters in the space
spanned by theta functions, we study an SL(2,Z)-closure of the space of characters.
Analogous to the untwisted affine Lie algebra case, we construct a commutative asso-
ciative algebra (fusion algebra) structure on this space through the use of the Verlinde
formula and study important quotients. Unlike the untwisted cases, some of these
algebras and their quotients, which relate to the trace of diagram automorphisms on
conformal blocks, have negative structure constants with respect to the (usual) basis
indexed by the dominant integral weights of the Lie algebra. We give positivity con-
jectures for the new structure constants and prove them in some illuminating cases.
We then compute formulas for the action of congruence subgroups on these character
spaces and give explicit descriptions of the quotients using the affine Weyl group.
1 Introduction
Fusion algebras associated with affine Lie algebras arise in the study of the Wess-Zumino-
Novikov-Witten model, which is a two-dimensional rational conformal field theory [KZ]. This
model features certain modules of so-called untwisted affine Lie algebras at a fixed positive
integer level (see the appendix 6 for definitions), and the corresponding fusion algebras give
a way of ‘fusing’ these modules together, akin to taking the traditional tensor products of
vector spaces. E. Verlinde introduced the notion that the structure constants of the fusion
algebras, called fusion rules, are intimately connected with a certain action of the group
SL(2,Z) on the space of characters of the relevant modules [V]. In fact, he conjectured a
formula, called the Verlinde formula, that explicitly computes the fusion rules in terms of
the matrix entries of the action of a distinguished element S ∈ SL(2,Z) (corresponding to
the Mo¨bius transformation τ 7→ −1/τ on the upper half-plane H).
Many proofs have been presented for Verlinde’s conjecture, most notably Faltings [F],
Teleman [T], and Huang [Hu1]. These results are from various points of view and have
many applications. From the representation theory side, Huang constructed modular tensor
categories (see [Tu] for the definition) whose Grothendieck rings are isomorphic to the fu-
sion algebras [Hu2], giving a representation-theoretic interpretation of these algebras. (Our
original motivation was to find an analogous interpretation in the twisted case.)
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In this paper, we study analogous structures for twisted affine Lie algebras and investigate
their properties. Let us briefly summarize the contents. To begin with, we use the definition
of twisted affine Lie algebras using generalized Cartan matrices, i.e., in terms of generators
and relations (the generalized Chevalley-Serre relations). We then proceed to find the most
suitable SL(2,Z)-module in which to embed the space of characters of twisted affine algebras.
This space is then endowed with the structure of a commutative associative algebra, which
we refer to as a Verlinde algebra, using the action of S ∈ SL(2,Z) in a fashion analogous
to the construction of fusion algebras for untwisted affine algebras. For affine Lie algebras
of type A
(2)
2ℓ , the space of characters admits the action of SL(2,Z) so we define an algebra
structure on it directly. In the remaining cases of twisted affine Lie algebras we consider a
strictly larger space on which SL(2,Z) acts.
Using the algebra structure and the affine Weyl group, we construct a natural family
of quotients, in which, quite surprisingly, negative structure constants appear. These quo-
tients are isomorphic to the fusion algebras constructed in [Ho2] which encode the trace
of diagram automorphisms on conformal blocks. In [Ho2], the author discovers that the
structure constants are non-negative in certain families and asks how generally this property
holds. Our results show that the non-negativity of the structure constants holds in about
‘half’ the cases (depending on level), while in the other ‘half’ we determine when negative
structure constants appear. Ultimately, we hope that the Verlinde algebras lead to a greater
understanding of the structure of certain categories of modules for twisted affine Lie algebras.
Now we will describe the contents of this paper in more technical detail. The space of
characters of an affine Lie algebra of type X
(r)
N admits an action of the congruence subgroup
Γ1(r) ⊆ SL(2,Z). Untwisted affine algebras correspond to the case when r = 1. Therefore,
Γ1(1) = SL(2,Z) acts on the space of characters of untwisted affine algebras and, using
the action of the element S =
(
0 −1
1 0
)
, one can define a commutative associative algebra
structure on this space explicitly using the so-called Verlinde formula, which we will define
shortly.
The construction of the algebras associated to twisted affine algebras is as follows. First,
suppose that V is a finite dimensional SL(2,Z)-module with a fixed basis {eλ}λ∈I , where
0 ∈ I is a distinguished index. If the 0th column of the action of S ∈ SL(2,Z), with respect to
this basis, has no zero entries, then one can put a commutative associative algebra structure
on V, with e0 as the identity element, by defining its structure constants as
Nνλµ =
∑
φ∈I
SφλSφµ(S
−1)νφ
Sφ0
(1)
(see [Ka, ex. 13.34]). In this paper, the above formula will be referred to as the Verlinde
formula. Notice that any scalar multiple of S will yield the same structure constants Nνλµ.
We will now construct such a space associated to the character space of twisted affine
algebras. Consider the space of characters Chk of fixed positive integer level k of an affine Lie
algebra g. This complex vector space is a subspace of the space Thk of level k theta functions
and is spanned by χλ = Aλ+ρ/Aρ, where Aµ are alternating sums of theta functions (which
we refer to as alternants). The space spanned by Aλ+ρ, for λ ranging over dominant level k
weights, is denoted Ch−k and is a subspace of Thk+h∨, where h
∨ is the dual Coxeter number of
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g. In the untwisted cases and in the case that g is of type A
(2)
2ℓ , the map χλ 7→ Aλ+ρ = χλAρ
is an injection and intertwines the action of SL(2,Z) up to scalar. For the remaining twisted
cases, Ch−k does not admit the action of SL(2,Z), but its image under S is naturally contained
in a certain subspace V ⊆ Thk+h∨. This subspace V is the smallest subspace of Thk+h∨ that
contains Ch−k , is closed under S, and has a basis {Aµ}µ∈X , where X is a subset of the set
of regular dominant weights (not necessarily integral of course). The space V is called the
SL(2,Z)-closure of Ch−k . (The condition that V be spanned by Aµ reflects the hope that this
space will correspond to integrable highest weight modules for some affine Lie algebra and
thus can be interpreted representation-theoretically.) More precisely, we have the following
description of V .
Theorem 1.1. If g is a twisted affine Lie algebra, but not of type A
(2)
2ℓ , then the SL(2,Z)-
closure of Ch−k (g) is equal to Ch
−
k (g
t), where gt is the transpose affine Lie algebra. In the
remaining cases, Ch−k (g) is an SL(2,Z)-module.
If g is untwisted, then the map χλ 7→ Aλ+ρ is an algebra isomorphism (since the Verlinde
formula only depends on the action of S up to scalar). If g is of type A
(2)
2ℓ , we get a
completely new algebra defined on the space of characters. For the remaining twisted cases,
we get an algebraic structure on a strictly larger space (the precise increase in size will be
discussed in detail in section 3). In both cases, the identity element is chosen to be the
alternant corresponding to the ‘smallest’ weight. Our discussion motivates the following
unified definition.
Definition 1.2. Let g be an affine Kac-Moody Lie algebra and k be a positive integer. The
Verlinde algebra Vk(g) is the algebra whose underlying vector space is the SL(2,Z)-closure
V with basis {Aλ}λ∈X , where X is a subset of regular dominant weights, (see the discussion
above 1.1) and whose structure constants, with respect to the given basis, are given by the
Verlinde formula (eq. 1).
This definition has several advantageous features. The first is that the action of Γ1(r)
on the space of characters can be exhibited directly by the SL(2,Z) action on the untwisted
Verlinde algebra. Indeed, explicit formulas for the action of congruence subgroups on the
linear space of characters of twisted affine algebras are given in terms of evaluations of
characters of irreducible finite dimensional modules for finite dimensional simple Lie algebras
similar to the untwisted case. The second is that the algebra has structure constants that
can be computed via the Verlinde formula. Another, as we shall later see, is that the Verlinde
algebras can be defined as quotients of the representation ring R(◦gt) of the transpose of the
underlying simple Lie algebra (the transpose Lie algebra of Bn is Cn, Cn is Bn, and the
remaining are self-transpose).
In all cases except for A
(2)
2ℓ , these Verlinde algebras turn out to be isomorphic to the
Verlinde algebras of untwisted affine algebras at different levels. By construction, this iso-
morphism is compatible with the SL(2,Z) action. More specifically, the following theorem is
proved. (Note that in the case of A
(2)
2ℓ this is a tautology since these algebras are isomorphic
to their transposes.)
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Theorem 1.3. Let g be a twisted affine Lie algebra of type X
(r)
N , k a positive integer, g
t its
transpose algebra, then there is an algebra isomorphism
ϕk : Vk(g)→ Vk+h∨−h(gt)
that intertwines the action of SL(2,Z) up to scalar.
Verlinde algebras have striking features, including the following algebra grading structure
whose proof relies on the Kac-Walton algorithm (see section 2).
Theorem 1.4. Let g be an affine Lie algebra of type X
(1)
N , V be its Verlinde algebra at level
k, and set A =
◦
P/
◦
Q. The algebra V has an A-grading
V =
⊕
a∈A
Va
where Va = span{χλ : λ ∈ P+k and λ ∈ a}.
In certain cases, the grading structure highlights the subspace of characters of twisted
affine algebras, but not in general. The grading is not immediately evident from studying
the S-matrix but can be observed after computing the structure constants. The grading
seems to play a significant role in the Verlinde algebras of type A
(2)
2ℓ and in certain quotients
of the other types (with multiple root lengths).
In all but the case when the affine Lie algebra is of type A
(2)
2ℓ with even level, the structure
constants in these Verlinde algebras are known to be non-negative integers. In the A
(2)
2ℓ even
level case, all known examples have some negative integral structure constants. We prove
that in the special case A
(2)
2 , at even levels, the Verlinde algebra always has some negative
structure constants and the grading helps us determine the signs of all structure constants.
The author has not found this phenomenon cited in any of the literature. Based on a large
amount of evidence, we conjecture (see 4) that ‘twisting’ the basis by a character on
◦
P/
◦
Q
gives nonnegative integral structure constants in type A
(2)
2 .
Remark. There is some difficulty in working with this definition of the algebra since com-
puting the structure constants is quite tedious if done ‘by hand’, involving large sums of
roots of unity. We overcame this problem by writing and using the Maple package Affine
Lie Algebras, which can efficiently compute these quantities and helped reveal much of
the phenomena studied here. This program helped immensely in testing our conjectures for
many families of affine Lie algebras.
The same algebraic structure can be defined in terms of a certain action of the affine
Weyl group on the representation ring of an associated finite dimensional simple Lie algebra.
While this sidesteps the problem of the aforementioned computations and is more conceptual,
working with the algebraic structure in this setting involves finding specific representatives
in the infinite orbits of the affine Weyl group, again a difficult task. Nonetheless, in some
new cases arising from our methods, we present a recursive method of computing these
representatives by finding a natural family of affine Weyl group elements that move the
vectors they act on closer to a certain fundamental domain of the action of the group (see
section 5.2).
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1.1 Structure of Paper
In section 2, the well-known Verlinde algebras for untwisted affine Lie algebras are reviewed
and their structure is discussed. In section 3, the definition of Verlinde algebras is given for all
twisted affine Lie algebras. The grading structure and linear subspace spanned by the twisted
affine algebra characters are discussed. In section 4, the Verlinde algebras of type A
(2)
2ℓ are
more extensively studied. When the level is odd, these algebras are well understood and are
isomorphic to an untwisted Verlinde algebra. When the level is even, as mentioned earlier,
the structure constants are sometimes negative. Finally, in section 5, we show that J. Hong’s
fusion algebras for affine Kac-Moody Lie algebras are isomorphic to natural quotients of the
Verlinde algebras presented here and thereby answer some open questions about non-negative
structure constants posed in [Ho2]. The quotient structure of the Verlinde algebra of type
A
(2)
2ℓ is then explicitly computed in terms of the affine Weyl group. In the process, we produce
an algorithm for bringing weights that lie in 2kA1 into kA1, where A1 is the fundamental
alcove of the affine Weyl group of type C and k is a positive integer. The algorithm is a
technical tool can be used to study the negative structure constants but is of interest in its
own right. In addition, explicit formulas for the action of congruence subgroups on the space
of characters are given, proving certain identities such as the following one (which is very
similar to the classical S-matrix action).
∑
ν∈
◦
P
e−2πimν (SkΛ0,ν)
2 ◦χλ
(
e−
2πi(ν+ρ)
k+h∨
) ◦
χµ
(
e
2πi(ν+ρ)
k+h∨
)
= e2πi(mλ+mµ)SkΛ0,µ
◦
χλ
(
e−
2πi(µ+ρ)
k+h∨
)
The action of the element ur21 of Γ1(r) is computed and shown to be expressible as multiples
of evaluations of summands of the characters of finite dimensional simple Lie algebras. In
the appendix 6, we introduce notation and briefly go over the basic representation theory of
affine Kac-Moody Lie algebras.
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2 Verlinde Algebras of Untwisted Affine Algebras
This section introduces the well-known Verlinde algebras of untwisted affine Lie algebras, i.e.,
affine Kac-Moody Lie algebras of type X
(1)
N , and discuss their grading structure, including
the proof of Theorem 1.4.
Let g be an untwisted affine Lie algebra and k a positive integer that will serve as the level.
Recall that in this case Chk is invariant under the action of SL(2,Z). More importantly, the
action of the element S ∈ SL(2,Z) (defined in 6.3) encodes information about a commutative
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associative algebra structure on Chk. The S-matrix, which gives the action of S with respect
to the basis of characters, encodes the structure constants of this algebra via the Verlinde
formula, which we restate for this particular case, χλχµ =
∑
ν∈P+
k
mod CδN
ν
λµχν where
Nνλµ =
∑
φ∈P+
k
mod Cδ
SλφSµφ(S
−1)νφ
SkΛ0,φ
.
The structure constants Nνλµ are known as the fusion rules, are well-defined, and correspond
to a tensor product structure on an appropriate category of modules for g (which will not
be discussed here).
First, let us give an explicit description of the SL(2,Z) action on Chk, which can be
found in [Ka]. Afterwards, it will be apparent that the Verlinde algebras are well-defined.
Surprisingly, the S-matrix can be expressed in terms of evaluations of characters of irreducible
highest weight
◦
g-modules. In what follows, the function
◦
χλ is the character of the irreducible
highest weight
◦
g-module with highest weight λ. By [KP], Chk is invariant under the action
of SL(2,Z). The action is described explicitly in terms of the generators T and S.
Theorem 2.1 (Kac-Peterson). Let g be an affine Lie algebra of type X
(1)
N or A
(2)
2ℓ and k be
a positive integer. For any λ ∈ P+k ,
χλ|T = e2πimλχλ
χλ|S =
∑
µ∈P+
k
mod Cδ
Sλµχµ
where
Sλµ = i
|
◦
∆+||M∗/(k + h∨)M |−1/2
∑
w∈
◦
W
ǫ(w)e−
2πi(λ+ρ,w(µ+ρ))
k+h∨
= cλ
◦
χµ
(
e−
2πi(λ+ρ)
k+h∨
)
and cλ = SkΛ0,λ = |M∗/(k + h∨)M |−1/2
∏
α∈
◦
∆+
2 sin π(µ+ρ,α)
k+h∨
.
Note that the constant cλ = SkΛ0,λ in the above theorem is a positive real number.
Furthermore, the theorem shows that the S-matrix is symmetric, therefore the product in
Vk is commutative. The associativity follows from the fact that χkΛ0 is decreed to be the
identity element and the columns of the S-matrix are assumed to be, up to nonzero scalars,
a system of orthogonal idempotents of Vk and, under this assumption, the Verlinde formula
simply computes the structure constants of the resulting algebra. It is worth noting that
S−1 = S
t
= S. We now proceed to prove Theorem 1.4, i.e., that these Verlinde algebras are
graded by
◦
P/
◦
Q.
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Proof of 1.4. Let us denote by P (µ) the set of weights (regarded as a multiset) of the irre-
ducible finite dimensional
◦
g-module with highest weight µ. By the Kac-Walton algorithm
[W], the fusion rules for λ, µ, ν ∈ P+k are of the form
Nνλµ =
∑
φ
ǫ(wφ)N
φ
λµ
where φ ranges over a finite multiset of integral weights of
◦
g and wφ are certain elements in
W . Therefore, Nν
λµ
= 0 implies that Nνλµ = 0. Using the Racah-Speiser algorithm [FH,§25.3],
the finite fusion rules have the form
Nν
λµ
=
∑
φ
ǫ(wφ)
where the sum ranges over all φ ∈ P (µ), such that wφ(λ+ φ+ ρ)− ρ = ν for some wφ ∈
◦
W .
Note that such wφ are unique (when they exist).
In these cases, M =
◦
Q∨ ⊆
◦
Q ⊆ M∗ =
◦
P so let A = M∗/
◦
Q. Notice that
◦
W acts trivially
on A. Define the subspaces
Va = span{χλ|λ ≡ a (mod
◦
Q)}
for a ∈ A. Recall that whenever φ ∈ P (µ), µ− φ is a sum of positive roots. Therefore, from
the above discussion we know that
ν = wφ(λ+ φ+ ρ)− ρ ≡ λ+ µ (mod
◦
Q),
proving that Nνλµ = 0 whenever λ + µ 6= ν in A. This proves that V =
⊕
a∈A Va is a
grading.
Remark 2.2. The theorem above insinuates a relationship between the center of the asso-
ciated compact Lie group G and the grading structure. There may be an interpretation of
this mystery in terms of an action of Z(G) on the Verlinde algebra or on conformal blocks.
Example 2.3. Let us observe the grading structure in the case when g is of type A
(1)
2 with
level k = 2. Consider the ordered basis χλ1 , χλ2 , . . . , χλ6 where the λi are
0,Λ1 + Λ2,Λ1, 2Λ2, 2Λ1,Λ2,
respectively. The weights have been paired off so that they lie in the classes 0,Λ1, 2Λ1 ∈
◦
P/
◦
Q
respectively. The matrices for Li, the operator of left multiplication by χλi, are
L1 =

1 0
0 1
1 0
0 1
1 0
0 1
 L2 =

0 1
1 1
1 1
1 0
0 1
1 1

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L3 =

0 1
1 1
1 1
0 1
1 0
1 1
 L4 =

1 0
0 1
0 1
1 0
0 1
1 0

L5 =

0 1
1 0
0 1
1 0
1 0
0 1
 L6 =

1 0
1 1
1 1
0 1
0 1
1 1
 .
Example 2.4. Let us observe the grading structure in the case when g is of type B
(1)
3 with
level k = 2. Consider the ordered basis χλ1 , χλ2 , . . . , χλ7 where the λi are
0,Λ1, 2Λ1,Λ2, 2Λ3,
Λ3,Λ1 + Λ3
respectively. There are only two classes {0,Λ3} =
◦
P/
◦
Q and so Vk has a Z2-grading. (Indeed,
this is always the case for type B
(1)
ℓ , with the system of representatives {0,Λℓ}.) The first
row lies in the class of 0 and the second row lies in the class of Λ3. The matrices for the Li,
the operator of left multiplication by χλi, are L1 = id
L2 =

0 1 0 0 0
1 0 1 1 0
0 1 0 0 0
0 1 0 0 1
0 0 0 1 1
1 1
1 1

L3 =

0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 1
1 0

L4 =

0 0 0 1 0
0 1 0 0 1
0 0 0 1 0
1 0 1 0 1
0 1 0 1 0
1 1
1 1

L5 =

0 0 0 0 1
0 0 0 1 1
0 0 0 0 1
0 1 0 1 0
1 1 1 0 0
1 1
1 1

L6 =

1 0
1 1
0 1
1 1
1 1
1 1 0 1 1
0 1 1 1 1

L7 =

0 1
1 1
1 0
1 1
1 1
0 1 1 1 1
1 1 0 1 1

.
This grading structure also applies to the case where k = ∞, i.e., when the Verlinde
algebra is equal to the representation algebra of
◦
g, since it depends only on the Racah-
Speiser algorithm for computing the tensor product decomposition of finite dimensional
simple
◦
g-modules.
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A method of describing this algebra more conceptually is via the representation ring R(◦g)
of the finite dimensional simple Lie algebra
◦
g. (This interpretation of the Verlinde algebra
will be used later on.) There is a map
Fk : R(◦g)→ Chk(g)
◦
χλ 7→
{
ǫ(w)χw(λ+ρ)−ρ if there exists w ∈ W, w(λ+ ρ)− ρ ∈ P+k
0 otherwise
where λ ∈ P+k (note that the w referenced in the definition of Fk is unique). There is also a
canonical section
Sk : Chk(g)→ R(◦g)
χλ 7→ ◦χλ.
The following proposition was proved in [W].
Theorem 2.5 (Walton). The Verlinde algebra Vk has the product structure
χλ · χµ = Fk(Sk(χλ)⊗ Sk(χµ))
for λ, µ ∈ P+k .
Instead of using W in the definition of Fk, we can use the affine Weyl group W
k+h∨
aff =
◦
W ⋉ (k + h∨)
◦
Q∨, which acts on
◦
h∗. The fundamental alcove P aff +k+h∨ is defined to be the set
of λ ∈
◦
h∗ such that
0 ≤ (λ, αi) for i = 1, . . . , ℓ
(λ, θ) ≤ k + h∨,
this is a fundamental domain for the action of W k+h
∨
aff . The set P
aff ++
k+h∨ consists of all
λ ∈ P aff +k+h∨ such that the above inequalities are all strict. For any λ ∈ h∗ of level k,
λ + kΛ0 ≡ λ (mod Cδ). Using λ 7→ kΛ0 + λ, the sets P aff +k and P aff ++k can be identified
with P+k and P
++
k , respectively. Therefore, we can also define the map Fk by the rule
◦
χλ 7→
{
ǫ(w)χkΛ0+w(λ+ρ)−ρ if there exists w ∈ W k+h
∨
aff , w(λ+ ρ) ∈ P aff ++k+h∨
0 otherwise
.
Later on in 5, this definition will prove very useful.
Remark 2.6. While the representation ring description of these Verlinde algebras show that
the structure constants are integers, these algebras have an interpretation as the Grothendieck
ring of a tensor category of modules of untwisted affine Lie algebras and, therefore, the struc-
ture constants are all non-negative integers [Hu1]. For the twisted cases, the Verlinde algebras
will be described as a quotient of the representation ring of a finite dimensional simple Lie
algebra and non-negativity of structure constants will not hold in exactly the case A
(2)
2ℓ when
the level is even.
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3 Verlinde Algebras of Twisted Affine Algebras
The affine Kac-Moody Lie algebras of type X
(r)
N for r > a0 are twisted affine Lie algebras and
their spaces of characters behave very differently from those of untwisted affine Lie algebras.
In these cases, M =
◦
Q and P k ( Pk, therefore we cannot use the same techniques used for
the algebras of type X
(1)
N . In particular, there is no action of the S-matrix. Nonetheless,
to each twisted affine Lie algebra g of this type, we will associate a Verlinde algebra Vk(g)
that contains space of characters of g at level k and admits the action of the modular group.
In particular, we prove theorems 1.1 and 1.3 in this section by comparing a twisted affine
algebra g to its transpose gt. Since the Verlinde algebras for type A
(2)
2ℓ are fundamentally
different from the others, we will explore them more deeply in the next section (note that
r = a0 in this case).
The lattice P k is the dual of the root lattice, therefore it has the basis
a1
a∨1
Λ1,
a2
a∨2
Λ2, . . . ,
aℓ
a∨ℓ
Λℓ.
If λ ∈ P+k then (λ, θ) = 〈λ, θ∨〉 ≤ k. Conversely, any λ ∈ P
+
satisfying the above inequality
has unique preimage λ ∈ P+k modulo Cδ.
In [Ka], the author relates each g of the type considered here to another affine algebra
denoted g′ (this will be discussed later). For the purpose of investigating Chk, it will be
helpful to instead relate g to an affine Lie algebra of type X
(1)
N . To each affine Lie algebra
with r > a0, associate the transpose algebra g
t = g(At), where A is the Cartan matrix of g.
The following table gives the explicit correspondences.
g gt g′
A
(2)
2ℓ−1 B
(1)
ℓ D
(2)
ℓ+1
D
(2)
ℓ+1 C
(1)
ℓ A
(2)
2ℓ−1
E
(2)
6 F
(1)
6 E
(2)
6
D
(3)
2ℓ−1 G
(1)
ℓ D
(3)
2ℓ−1
The superscript t will be used when dealing with data associated with gt, e.g., the labels
of gt are denoted ati, its Cartan subalgebra is denoted h
t, the invariant bilinear form is (·, ·)t,
etc. In order to compare the two algebras more readily, define the isometry
τ : h∗ → ht
αi 7→ α∨ti
Λ0 7→ dt
which in turn induces an isometry h∗ → (ht)∗, also denoted τ , given by
Λi 7→ a
∨
i
ai
Λti and δ 7→ δt.
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This map ‘transposes’ the roots and coroots and is crucial in the construction of the Verlinde
algebra for twisted affine algebras. The restriction map τ |M is an isomorphism of lattices
M ∼= M t and
τ(θ) = θt, τ(θ∨) = θ∨t.
The latter fact shows that τ
(
P k
) →֒ (P k)t = (Pk)t ∼= Pk. Recall that {Θλ|λ ∈ Pk
(mod kM + Cδ)} is a basis of Thk for k > 0. Therefore, τ induces a canonical map be-
tween the theta functions of g and gt.
Proposition 3.1. The isometry τ induces an W -invariant isomorphism Thk ∼= Thtk.
Proof. A direct check shows that W t =
◦
W t ⋉M t ∼=
◦
W ⋉M and
e(λ,µ) = e(τ(λ),τ(µ))
t
.
Therefore, the map Θλ 7→ Θtτ(λ) is an inclusion. Furthermore, since τ(M∗) = (M t)∗, propo-
sition 6.1 implies that τ (Thk) = Th
t
k.
Since the finite Weyl groups of g and gt are isomorphic and commute with isometries
between their Cartan subalgebras, the space Th−k , which is spanned by the alternants
Aλ =
∑
w∈
◦
W
ǫ(w)Θw(λ)
for λ ∈ Pk, can be identified with the space (Thtk)− .
At this point, one should notice that τ(ρ) 6= ρt and so, instead of using the map τ between
theta functions given above, consider the map
•
τ : Pk → P tk+h∨−h
λ 7→ τ(λ+ ρ)− ρt
and the map it induces on the spaces of characters, denoted by the same symbol,
•
τ : Chk → Chtk+h∨−h
χλ 7→ χt•τ(λ).
Note that this map is a well-defined injection, i.e., h∨−h ≥ 0 and •τ (λ) ∈ P+k+h∨−h, and that•
τ (χλ) = Aτ(λ+ρ)/Aρt . Furthermore,
•
τ gives a tight relationship between the S-matrices of
the two Lie algebras. Before describing it, recall that for any g of the type considered in this
section, the adjacent algebra g′ is given by the above table. The S-matrix of g, as defined in
[Ka], does not act on the space of characters but, rather, is a map between different character
spaces. Nonetheless, its image can be described in terms of the characters of the adjacent
algebra g′. For more details, please refer to [Ka,§13.9]. In that section, Kac discusses a map
α 7→ α′ between the Cartan subalgebras of g and g′ that is very similar to the map τ in this
paper.
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Proposition 3.2. Let S(g) be the S-matrix acting on the space of theta functions at level k
and S(gt) be the analogous S-matrix for gt and level k + h∨ − h. Then
S(g)λ,µ =
∣∣∣∣ ◦Q∨/M∣∣∣∣1/2 S(gt)•τ(λ),τ(µ)+(h∨−h)Λt0
λ ∈ P k, µ ∈ Pk.
Proof. The result follows directly from the dictionary between the map given in [Ka] and
the construction of the two maps τ and
•
τ in this paper. Since ρt = τ(ρ′) and M ′ =
◦
Q∨,
comparing the two quantities below
S(g)λ,µ = i
|
◦
∆+||M∗/(k + h∨)M |−1/2|M ′/M |1/2
∑
w∈
◦
W
ǫ(w)e−
2πi(w(λ+ρ),µ+ρ′)
k+h∨
S(gt)•
τ(λ),τ(µ)+(h∨−h)Λt0
= i|
◦
∆t+|| (M t)∗ /(k + h∨)M t|−1/2 ∑
w∈
◦
W
ǫ(w)e−
2πi(w(τ(λ+ρ)),τ(µ)+ρt)
k+h∨
gives the result.
Theorem 1.1 asserts that the space V is equal to Tht−k+h∨. Notice that Ch
t
k+h∨−h ∼= Tht−k+h∨
via the map χtλ 7→ χtλAρt . Using this isomorphism, we can study the action of S on Tht−k+h∨
and prove the theorems 1.1 and 1.3.
Proof of 1.1. The space V is a subspace of Tht−k+h∨. The action of S on Th
t−
k+h∨ differs from
its action on Chtk+h∨−h by a nonzero scalar, see Theorem 2.1. The S-matrix of Ch
t
k+h∨−h
has SkΛ0,,λ = Sλ,kΛ0 6= 0 for all λ ∈ P t+k (see Theorem 2.1) and so the coefficient of Aρt in the
expansion of Aλ+ρ|S (with resect to the alternant basis) is nonzero. It follows that Aρt ∈ V −.
Similarly, for any µ ∈ P t+k the coefficient of Aµ+ρt in the expansion of Aρt |S is nonzero. It
follows that Tht−k+h∨ ⊆ V .
Note that ρ˜ = ρt and that the S matrix has nonzero entries in the column corresponding
to Aρ˜. Therefore, we can use the Verlinde formula to give V the structure of a commutative
associative algebra as discussed in section 1.
Theorem 1.3 is a direct consequence of above proof. Using the Verlinde algebra V tk+h∨−h
of gt at level k + h∨ − h, one can study the action of the modular group on Chk(g) directly.
Theorem 3.3. Let g be a twisted affine Lie algebra, λ ∈ P k, and X ∈ Γ1(r) then
τ (Aλ+ρ|X) = Atτ(λ+ρ)|X .
Furthermore, there is a nonzero scalar v(k,X) such that
•
τ (χλ|X) = v(k,X)•τ(χλ)|X .
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Proof. τ is an isometry on the underlying Cartan subalgebras and induces an isomorphism
between the spaces of theta functions Thk+h∨ and Th
t
k+h∨. Therefore, the modular group
action commutes with τ . The second identity follows from the fact that Aρ|X ∈ CAρ \ {0}
and Aρt |X ∈ CAρt \ {0}.
Let us investigate the structure of Vk relative Chk. The grading structure (introduced
in 1.4) on Vk(g), where g is a twisted affine Lie algebras different from type A
(2)
2ℓ , is easy to
describe
Vk(A
(2)
2ℓ−1) = V0 ⊕ V1, Vk(D(2)ℓ+1) = V0 ⊕ V1
Vk(E
(2)
6 ) = V0, Vk(D
(3)
4 ) = V0.
Using the grading and comparing it to the map
•
τ , it can be shown that the image of
Chk(g) lies in Vτ(ρ)−ρt for g of type A
(2)
2ℓ−1. The image of Chk for type D
(2)
ℓ+1 is generally not
concentrated in a homogeneous component.
Proposition 3.4. If g is of type A
(2)
2ℓ−1, then Vk = V0 ⊕ V1 and
•
τ (Chk) = V1.
Proof. The first part is clear. For the second part, note that
◦
Qt(A
(2)
2ℓ−1) =
◦
Q(B
(1)
ℓ ) = 〈Λt1, . . . ,Λtℓ−1, 2Λtℓ〉 and τ(ρ)− ρt = Λtℓ,
where 〈, 〉 means ‘spanned by’. Therefore, Vτ(ρ)−ρt = V1. The lattice
◦
Qt(A
(2)
2ℓ−1) is self-dual
which implies the equality
•
τ (Chk) = V
t
τ(ρ)−ρt = V1.
4 Verlinde Algebras for A
(2)
2ℓ
The case when g is of type A
(2)
2ℓ has fascinating features that differ substantially from the
other cases. On one hand, at odd integer level k the space of characters has the structure
of a fusion algebra that is isomorphic to the Verlinde algebra for C
(1)
ℓ at the level
k−1
2
[Ho2].
(A proof is included here.) On the other hand, more interesting features reveal themselves
when the level is an even integer. Among them is the fact that the structure constants are
no longer non-negative integers.
With definition 1.2, it is easy to check that the fusion rules are well-defined and define
a commutative associative unital algebra with integral structure constants. Similar to the
untwisted Verlinde algebras, one can define an algebraic structure on the representation ring
of g via a map from the representation ring of
◦
g. Unlike the untwisted case, the fusion rules
can only be shown to be non-negative at odd level.
Proposition 4.1. Let g be of type A
(2)
2ℓ and fix the level 2k + 1, where k ∈ N, then the
Verlinde algebra of g is isomorphic to the Verlinde algebra of the untwisted affine Lie algebra
of type C
(1)
ℓ at level k.
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Proof. It can be checked directly that the S-matrices of both affine Lie algebras are equal,
up to conjugation by a permutation matrix. More explicitly, if g′ is of type C(1)ℓ with Cartan
subalgebra h′,
2(α∨i , α
∨
j ) = (α
∨′
i , α
∨′
j )
′
1
2
(Λi,Λj) = (Λ
′
i,Λ
′
j)
′
for 1 ≤ i, j ≤ ℓ. Therefore, we can define isometries
ϕ :
◦
h′ →
◦
h
α 7→
√
2α
and the dual map
ϕ∗ :
◦
h
′∗ →
◦
h∗
α 7→ 1√
2
α
such that 〈ϕ(α), ϕ∗(λ)〉 = 〈α, λ〉. Note that √2M = ϕ(M ′) and 1√
2
M∗ = ϕ∗(M ′∗), therefore
|M ′∗/(k + ℓ+ 1)M ′| = |M∗/(2k + 2ℓ+ 2)M |.
The S-matrix of g′ at level k is defined by
Sλµ = i
|
◦
∆+||M ′∗/(k + ℓ+ 1)M ′|−1/2
∑
w∈
◦
W
ǫ(w)e−
2πi(w(λ+ρ),µ+ρ)′
k+ℓ+1
while the S-matrix of g at level 2k + 1 is defined by
Sλµ = i
|
◦
∆+||M∗/(2k + 2ℓ+ 2)M |−1/2
∑
w∈
◦
W
ǫ(w)e−
2πi(w(λ+ρ),µ+ρ)
2k+2ℓ+2 .
Since the structure constants of the Verlinde algebras are computed by the coefficients of
the corresponding S-matrices, the algebras are isomorphic.
In the cases where the level is even, one can observe that the fusion rules are often
negative. Here is an example of this phenomenon. Let g be of type A
(2)
2 and fix a level 2n,
n > 0. The underlying simple Lie algebra is isomorphic to sl2. Set α = α1, α
∨ = α∨1 ,Λ1 = Λ
then
θ = α, θ∨ = α∨, and ρ = α∨.
Note also that h∨ = 3. The of dominant integral weights of level 2n project to
P
2n
+ = {mΛ}nm=0.
The set of dominant integral weights P+ of sl2 is indexed by N and the map between character
spaces is
F2n : {χm}m∈P+ → {χλ}λ∈P 2n+
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χm 7→

χm′Λ if 0 ≤ m′ ≤ n and m ≡ m′ (mod 2n+ h∨)
0 if m ≡ −1 (mod 2n+ h∨)
−χm′Λ if 0 ≤ m′ ≤ n and m+m′ + 2 ≡ 0 (mod 2n+ h∨)
.
The proof of the above map follows from the fact that the affine Weyl group of type A
(2)
2ℓ is
S2⋉Z and so, for any m ∈ N, there is a unique m′ modulo 2n+h∨ satisfying the conditions
in the piecewise definition of F2n. More importantly, there is a canonical section
S2n : {χλ}λ∈P 2n+ → {χm}m∈P+
χmΛ 7→ χm
and the fusion rules N cab are given by the coefficients of the irreducible character χc in
F2n(S2n(χaΛ)⊗ S2n(χbΛ)).
Th product S2n(χaΛ) ⊗ S2n(χbΛ) is the direct sum of χcΛ where |a − b| ≤ c ≤ a + b and
a+ b+ c ≡ 0 (mod 2). The tuples (a, b, c) with the above property are known as admissible
triples. More explicitly, the tensor product of sl2-modules is given by‘
χaΛ ⊗ χbΛ = χ|a−b|Λ ⊕ χ(|a−b|+2)Λ ⊕ · · · ⊕ χ(a+b)Λ.
Assume that a ≥ b. Since a + b ≤ 2n we have two cases: a+ b ≤ n or n < a + b ≤ 2n. The
above discussion proves the following.
Proposition 4.2. For g of type A
(2)
2 at level 2n, the product structure of V2n(g) is explicitly
given by
χaΛ ⊗ χbΛ =
∑
0≤i≤n+b−a
2
χ(a−b+2i)Λ −
∑
n+b−a
2
<i≤b
χ(2n+1+b−2i−a)Λ.
It follows that N cab < 0 whenever (a, b, c) is admissible, a+b > n, and c > n. In particular,
N1n,n = −1 when n is even and N2n,n = −1 when n is odd. Later on, in section 5.2, we will
give a more explicit description of the product structure of V2n(A
(2)
2ℓ ) for any rank ℓ.
The following curious fact shows that when the level is 2n and 2n + 1, the underlying
character spaces are equal while the Verlinde algebra structures are quite different. Moreover,
I observed that, at even level, if the structure constants Nνλµ are replaced by their absolute
values |Nνλµ|, then the resulting algebra is also associative and commutative.
Lemma 4.3. Let k ≥ 1, then P 2n+ = P
2n+1
+ .
Proof. It is a straightforward check to show that P
2n
+ ⊆ P
2n+1
+ . Suppose that λ ∈ P 2n+1+ and
λ =
∑ℓ
i=0 ciΛi, then ci ∈ N for 0 ≤ i ≤ ℓ and
〈λ,K〉 =
〈
λ, α∨0 + 2
ℓ∑
i=1
α∨i
〉
= 2n+ 1.
This equation implies that c0 > 0 and so we can define λ
′ ∈ P+2n by λ′ = λ− Λ0. Therefore,
the earlier inclusion and P
2n
+ ⊇ P
2n+1
+ implies the lemma.
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Another different feature in this case is that the grading structure (as an algebra) only
exists when the level is odd (since it exists in Vk(C
(1)
ℓ )). Nevertheless, when the level is even
we can still define the same quotient A =
◦
P/
◦
Q ∼= Z2 and get the decomposition Vk(g) =
V0
⊕
V1 as a vector space. Empirically, we have observed the following phenomenon and
conjecture that Vk(g) can be realized as a commutative associative algebra with nonnegative
integral structure constants.
Conjecture 4.4. Let g be an affine Lie algebra of type A
(2)
2ℓ and fix the level 2n for n ∈ Z>0.
For any λ, µ ∈ P2n,
χλχµ =
∑
ν∈P+2n mod Cδ
(−1)[λ]+[µ]+[ν]|Nνλµ|χν
in V2n(g), where [φ] is the class of φ in A ∼= {0, 1}. In particular, the structure constants of
V2n(g), with respect to the basis {χ˜λ}λ∈P+2n mod Cδ, where χ˜λ = (−1)[λ]χλ, are nonnegative.
5 Applications
5.1 Quotients of Vk(g)
The definition of Verlinde algebras for the various types of affine Lie algebras gives an explicit
way of computing the structure constants of these algebras. In a recent paper by J. Hong
[Ho2], the author attaches a fusion ring to all affine Lie algebras and he expects that the
corresponding structure constants are all non-negative. Here we show that Hong’s fusion
algebras can be realized as quotients of the Verlinde algebras presented here. With this
realization, we can answer some questions posed in [Ho2]. In the case of A
(2)
2ℓ , the Verlinde
algebras and Hong’s fusion algebras are isomorphic, proving that the structure constants are
sometimes negative (specifically, when the level is even they are negative in all known cases).
In the remaining cases, computations show that the structure constants are also sometimes
negative (depending on the level and type).
First, let us describe the quotients of the Verlinde algebras to be considered. Recall the
map
Fk : R(◦g)→ Chk(g)
given in section 2 where g is an untwisted affine Lie algebra of rank ℓ. This map depends on
the affine Weyl group
◦
W ⋉
◦
Q∨
(where, as usual,
◦
Q∨ is identified with a lattice in h∗ using the invariant bilinear form.)
Consider, instead, the group W ′ :=
◦
W ⋉
◦
Q. When g has only 1 root length, W = W ′ and
so we may assume that g is of type B
(1)
ℓ , C
(1)
ℓ , F
(1)
4 , or G
(1)
2 . The group W
′ is generated by
sα′
i
where α′i = αi for i = 1. . . . , ℓ and α
′
0 = δ − θs, where θs is the highest short root of
◦
g. The α′i give a root system (that is equivalent to that of g
t′) and there are coresponding
notions for fundamental weights Λ′0,Λ
′
1, . . . , the element ρ
′ =
∑ℓ
i=0 Λ
′
i, the weight lattice P
′ =
16
⊕ℓ
i=0 ZΛ
′
i, the level k dominant weights P
′+
k , the space of ‘primed’ level k characters Ch
′
k(g) =⊕
λ∈P ′+
k
mod Cδ CAλ′+ρ′/Aρ′, etc. The corresponding dual Coxeter number h
∨′ coincides with
the Coxeter number h. Note that ρ′ = ρ.
The map Fk+h−h∨ uses the action of
◦
W ⋉ (k+ h)
◦
Q∨ in its definition. Using the ‘primed’
version of the affine Weyl group W ′k+haff =
◦
W ⋉ (k + h)
◦
Q, define the map
F ′k : R(
◦
g)→ Ch′k(g)
◦
χλ 7→
{
ǫ(w)χkΛ′0+w(λ+ρ)−ρ if there exists w ∈ W
′k+h
aff , w(λ+ ρ) ∈ P ′aff ++k+h
0 otherwise
.
Since
◦
Q∨ ⊆
◦
Q, W k+haff ⊆ W ′k+haff and F ′k factors through Vk+h−h∨(g), i.e., there is a map
Gk : Vk+h−h∨(g)→ Ch′k(g)
such that F ′k = Gk ◦ Fk+h−h∨. The following theorem appears in [Ho2].
Theorem 5.1. (Hong) F ′k is a homomorphism.
Recall the correspondence g ↔ g′ for the twisted affine algebras given in the table in
section 3. Note that the underlying simple Lie algebra of g′ is isomorphic to the underlying
simple Lie algebra of gt. Identify their Cartan subalgebras
◦
h′ =
◦
ht and notice that since the
θ element of g′ is the highest short root, α0 ∈ h′∗ and (αt0)′ ∈ ht∗ can also be identified. This
identification induces a natural bijection P ′k ∼= (P tk)′. Finally, note that h′∨ = (h∨t)′ = ht.
All of this shows that there is a natural isomorphism χλ 7→ χλ between Chk(g′) and Ch′k(gt).
Using this natural isomorphism, we have the following result.
Theorem 5.2. Gk is a surjective homomorphism. In particular, if g is a twisted affine Lie
algebra that is not of type A
(2)
2ℓ , then Chk(g
′) = Gk(Vk(g)) has the structure of a commutative
associative algebra.
Proof. Let g be an untwisted affine algebra and k a positive integer. Since Fk+h−h∨ is
surjective, then so is Gk. For any χλ, χµ ∈ Vk+h−h∨(g), recall that χλχµ = Fk+h−h∨( ◦χλ
◦
χµ).
Therefore, by 5.1,
Gk(χλχµ) = Gk(Fk+h−h∨(
◦
χλ
◦
χµ)) = F
′
k(
◦
χλ)F
′
k(
◦
χµ) = Gk(χλ)Gk(χµ).
In particular, since Vk(g) = Vk+h∨−h(gt) (notice the crucial shift of level) and h∨ = ht, h =
h∨t, the discussion in the preceding paragraph proves that the quotient algebra Ch′k(g
t) is
naturally isomorphic to Chk(g
′) and so the latter can be given the same algebra structure.
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Let g be a twisted affine Kac-Moody Lie algebra that is not of type A
(2)
2ℓ and let k a
positive integer, then Hong’s fusion algebra Rk(g) is defined to be the vector space
Rk(g) =
⊕
λ∈Pk mod Cδ
C
◦
χλ
with structure constants
cνλµ =
∑
w∈W †
k
ǫ(w)Nν
λ,µ
where W †k is the set of minimal representations of the left cosets of
◦
W in W k+h
∨
aff and N
ν
λ,µ
is the coefficient of
◦
χν in
◦
χλ
◦
χµ. When g is of type A
(2)
2ℓ , we use the same definition of Rk(g)
except that we use the affine Weyl group
◦
W ⋉ (k+ h∨)
◦
Q∨. See [Ho2] for more details. Now,
we prove that Rk(g
′) is a quotient of Vk(g) and give an example of how to compute the
structure constants cνλµ from the fusion rules N
ν
λµ.
Proposition 5.3. Let g be a twisted affine Lie algebra that is not of type A
(2)
2ℓ . The fusion
algebra Rk(g
′) is isomorphic to a quotient of Vk(g). More precisely, Rk(g′) ∼= Gk(Vk(g)).
When g is of type A
(2)
2ℓ , then Rk(g)
∼= Vk(g).
Proof. First suppose that g is a twisted affine algebra but is not of type A
(2)
2ℓ . As vector
spaces, Chk(g
′) ∼= Rk(g′). Since for any λ ∈ P ′k, w(λ+ ρ)− ρ ∈
◦
P ′+ if and only if w ∈ W †k ,
the coefficient of χν ∈ Chk(g′) in F ′k(
◦
χλ
◦
χµ) is c
ν
λµ. The result then follows from 5.2.
When g is of type A
(2)
2ℓ , the underlying vector spaces are similarly isomorphic and the homo-
morphism Fk gives the exact same structure constants c
ν
λµ.
Corollary 5.4. Let g be a twisted affine Lie algebra, then the structure constants cνλµ of
Rk(g
′) are given by
cνλµ =
∑
w∈Xν
∑
φ∈P ′k+ mod Cδ
SλφSµφ(S
−1)νφ
SkΛ0,φ
,
where Xν = {w ∈ W †k : (w(ν + ρ)− ρ, θt) ≤ k + h∨ − h}.
Example 5.5. The left multiplication matrices of Gk(Vk(g)) are given by ‘truncating and
folding’ the left multiplication matrices of Vk(g). More precisely, one removes all columns
corresponding to weights λ such that 〈λ+ρ, θ∨〉 ≥ k+h∨ (here θ∨ is the highest coroot of ◦g),
removes all rows corresponding to λ such that 〈λ+ρ, θ∨〉 is an integral multiple of k+h∨, and
then adds all rows that are in the same orbit under the dot action w · λ = w(λ+ ρ)− ρ with
appropriate sign ǫ(w). In particular, consider the data from example 2.4 where the weights
are
0,Λ1, 2Λ1,Λ2, 2Λ3,
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Λ3,Λ1 + Λ3.
In this case, g is of type A
(2)
5 and k = 1. The only λ+ ρ, for λ from the list above, satisfying
〈λ + ρ, θ∨〉 < k + h∨ = 1 + 6 are 0 and Λ3. The weights Λ1 + ρ, Λ2 + ρ, and 2Λ3 satisfy
〈λ+ ρ, θ∨〉 = 7 and so are thrown out. Finally, adding the remaining rows (all zeros) we get
L′1 =
(
1 0
0 1
)
and L′2 =
(
0 1
1 0
)
.
5.1.1 More Negative Structure Constants
In the remaining twisted cases, negative structure constants also appear in a pattern very
similar to the appearance of negative structure constants for the Verlinde algebra of A
(2)
2ℓ .
Unlike the conjectured state of affairs for A
(2)
2ℓ , experimental data shows that it is not possible
to ‘twist’ the basis by a character in order to make the structure constants non-negative.
Nonetheless, a grading structure plays a role in determining when the structure constants
are non-negative.
Let g be a twisted affine Lie algebra that is not of type A
(2)
2ℓ . The algebra R(g) defined in
the previous section does not inherit the algebra grading of Vk(g
′). Instead, there is a vector
space grading indexed by
◦
P/
◦
Q analogous to the untwisted case, i.e.,
R(g) =
⊕
a∈A
R(g)a
where R(g)a = span{χλ : λ ∈ P+k and λ ∈ a}. Similar to the A(2)2ℓ case, this vector space
grading seems to play a role (albeit different) in determining the non-negativity of the struc-
ture constants of R(g). The structure constants Nνλµ of R(g) can be observed to behave
according to the following 2/3’s rule.
Conjecture 5.6. Let k be an even positive integer and g be a twisted affine Lie algebra that
is not of type A
(2)
2ℓ . If λ, µ, ν ∈ P+k and at least 2 out of λ, µ, ν lie in
◦
Q, then Nνλµ ≥ 0, where
Nνλµ are the structure constants of R(g) with respect to the basis {χλ}λ∈P+
k
.
5.2 The A
(2)
2ℓ Quotient Structure
In the case where g is of type A
(2)
2ℓ , the Verlinde algebra Vk(g) can be realized as a quotient
of a Verlinde algebra Vk′(C
(1)
ℓ ). In this section, we use the affine Weyl groups in question to
explicitly describe the quotient Vk(g). We then explain the relationship between the grading
structures of these vector spaces.
19
Lemma 5.7. Let g be of type A
(2)
2ℓ and fix a positive integer k. Let g˜ be an affine algebra of
type C
(1)
ℓ , then there exist a surjective homomorphism
F : Vk+ℓ(g˜)→ Vk(g)
given by F (χλ) = Fk
◦
χλ, where Fk is the homomorphism defined at the end of section 2.
Proof. The underlying simple Lie algebras of g and g˜ coincide and so we will identify their
Cartan subalgebras and their duals. The map F is clearly well-defined as a linear map. To
show that it is a homomorphism, it is enough to show that the homomorphism Fk factors
through Vk+ℓ(g˜). Indeed, Vk+ℓ(g˜) is the quotient of the character ring R(◦g) by the dot action
of
◦
W ⋉ (k + 2ℓ + 1)ν˜(
◦
Q∨) where ν˜ is the map h → h∗ induced by the normalized bilinear
form of g˜. If ν is the normalized bilinear form of g, then note that
ν˜(
◦
Q∨) = 2ν(
◦
Q∨) ⊂
◦
Q ⊂ ν(
◦
Q∨).
Since Vk(g) is the quotient of R(◦g) by the dot action of
◦
W ⋉ (k + 2ℓ + 1)ν(
◦
Q∨), it follows
that Fk factors through Vk+ℓ(g˜).
Remark 5.8. Let A1 be the fundamental alcove of the affine Weyl group. Note that the
fundamental domain of
◦
W ⋉ (k+2ℓ+1)ν(
◦
Q∨) is (k+2ℓ+1)A1 and the fundamental domain
of
◦
W ⋉ (k + 2ℓ + 1)ν˜(
◦
Q∨) is 2(k + 2ℓ + 1)A1. We will soon present an algorithm mapping
elements from 2(k + 2ℓ+ 1)A1 into (k + 2ℓ+ 1)A1.
Let g be of type A
(2)
2ℓ as before. For the next result, let us use the notation w0 := id and
wi := si−1si−2 · · · s0
for 0 < i ≤ ℓ where si ∈ W are the Coxeter generators of the Weyl group W of g. For any
list of integers I = (i1, . . . , im), also define
wI = wimwim−1 · · ·wi1 .
In the proof of this next theorem, we define an explicit recursive algorithm defining the
quotient indicated by the previous lemma.
Theorem 5.9. Let g be of type A
(2)
2ℓ , fix a positive integer k, and let g˜ be an affine algebra
of type C
(1)
ℓ . If λ is a dominant weight of g˜ of level k+ ℓ such that λ+ ρ has trivial stabilizer
with respect to the affine Weyl group
◦
W ⋉ ν(
◦
Q∨), then there is a weight µ of g of level k and
a sequence of nonnegative integers I = (i1, . . . , im), where m satisfies 1 ≤ m ≤ k + 2ℓ + 1,
such that
µ+ ρ = wI(λ+ ρ).
In particular, for the homomorphism given in the previous lemma and λ as above,
F (χλ) = (−1)i1+···+imFk( ◦χwI ·λ).
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Proof. Let k be as in the statement and recall that h∨ = 2ℓ + 1. Also recall that θ =
2α1 + · · ·+ 2αℓ−1 + αℓ and θ∨ = α∨1 + · · ·+ α∨ℓ . We identify W ∼=
◦
W ⋉ (k + h∨)ν(
◦
Q∨). The
Weyl group W of g contains the subgroup
◦
W ⋉ 2(k + h∨)ν(
◦
Q∨) and maps every dominant
weight λ ∈
◦
P+ to a unique dominant weight µ such that 〈µ, θ∨〉 = 1
2
(µ, θ) ≤ k + h∨.
Therefore, for the purpose of describing F , we only need to consider dominant weights µ
such that (µ+ ρ, θ) < 2(k + h∨).
Let λ ∈ P+k+ℓ(g˜) be a regular dominant weight, i.e., a weight such that λ + ρ has trivial
stabilizer with respect to
◦
W ⋉ (k+h∨)ν(
◦
Q∨), then there is a unique element wλ ∈
◦
W ⋉ (k+
h∨)ν(
◦
Q∨) such that wλ(λ + ρ) ∈
◦
P+, and (wλ(λ + ρ), θ) < k + h
∨. If (λ + ρ, θ) < k + h∨,
then we can take wλ = w0 = id.
Suppose that k + h∨ < (λ+ ρ, θ) < 2(k + h∨). Write
λ+ ρ =
ℓ∑
i=1
biα
∨
i =
ℓ∑
i=1
ciΛi
(where α∨i is mapped into
◦
h∗ via ν) such that bi > 0, ci > 0 for i = 1, . . . , ℓ, then k + h∨ <
2b1 < 2(k+h
∨) since θ = 2Λ1. It is straightforward to check that b1 = c1+ · · ·+cℓ. Applying
the affine generator s0, we get
s0(λ+ ρ) = sθ(λ+ ρ) + (k + h
∨)θ∨
= λ+ ρ− 〈λ+ ρ, θ∨〉θ + (k + h∨)θ∨
= λ+ ρ+ (k + h∨ − 2b1)θ∨
= (k + h∨ − 2b1 + c1)Λ1 +
ℓ∑
i=2
ciΛi.
It follows that (s0(λ+ρ), θ) = 2(k+h
∨− b1) < k+h∨ and, therefore, if k+h∨−2b1+ c1 > 0,
then wλ = w1 = s0.
Suppose that k + h∨ − 2b1 + c1 < 0. Compute the following weights
s1s0(λ+ ρ) =− (k + h∨ − 2b1 + c1)Λ1 + (k + h∨ − 2b1 + c1 + c2)Λ2 + · · ·+ cℓΛℓ
s2s1s0(λ+ ρ) =c2Λ1 − (k + h∨ − 2b1 + c1 + c2)Λ2 + (k + h∨ − 2b1 + c1 + c2 + c3)Λ3 + · · ·
s3s2s1s0(λ+ ρ) =c2Λ1 + c3Λ2 − (k + h∨ − 2b1 + c1 + c2 + c3)Λ3 + · · ·
sℓ−1 · · · s1s0(λ+ ρ) =c2Λ1 + c3Λ2 + · · ·+ cℓ−1Λℓ−2
− (k + h∨ − 2b1 + c1 + · · ·+ cℓ−1)Λℓ−1 + (k + h∨ − b1)Λℓ.
If we set λi = si−1si−2 · · · s0(λ + ρ) = wi(λ + ρ), then it must be the case that λi1 ∈
◦
P+
for some i1 such that 0 ≤ i1 ≤ ℓ. In fact, λj is a regular dominant weight as soon as
2b1 −
∑j
i=1 ci ≤ k + h∨ and, by assumption, b1 = 2b1 −
∑ℓ
i=1 ci < k + h
∨. Moreover, for
i > 1, (λi, θ) = 2(b1 − c1) < 2b1. If the element wi1(λ+ ρ) satisfies (wi1(λ + ρ), θ) < k + h∨
then take wλ = wi1 and we are done. Otherwise, we may continue in this fashion, producing
a sequence
(λ+ ρ, θ) > (wi1(λ+ ρ), θ) > (wi2wi1(λ+ ρ), θ) > · · ·
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which must eventually lead to (wI(λ+ ρ), θ) < k+h
∨ in at most k+h∨ steps for some finite
sequence I = (i1, . . . , im).
Corollary 5.10. Let g, k, g˜, λ, I, m etc. be as in the previous theorem. Recall that
V = Vk(g) has a Z2 ∼=
◦
P/
◦
Q grading as a vector space. If k is even, then
F (χλ) ∈ Vm+[λ] mod 2
if all ij > 0 for 1 ≤ j ≤ m, where [λ] ∈ Z2 is the class of λ in
◦
P/
◦
Q.
Proof. The lattice ν(
◦
Q∨) is spanned by α1, . . . , αℓ−1, 12αℓ, 2ν(
◦
Q∨) ⊆
◦
Q, and
◦
W
(
1
2
αℓ +
◦
Q
)
=
1
2
αℓ +
◦
Q.
We can express
wi = si−1 · · · s0 = tsi−1···s1θ∨si−1 · · · s1sθ
= tα∨i +···+α∨ℓ si−1 · · · sθ
for any i > 0, and so wiλ is in class [λ] + 1. The result follows immediately.
5.3 Congruence Group Action
As a another application, let g be a twisted affine Lie algebra of type X
(r)
N and k a positive
integer, then Chk(g) is a module for the congruence subgroup Γ1(r) (see 6.3) [Ka].
Proposition 5.11. Let g be as above and λ ∈ P k, then
χλ|ur21 = vk
∑
µ∈Pk mod Cδ,ν∈P k mod Cδ
e−2rπimµ(St0µ)
2 ◦χλ
t
(
e−
2πi(µ+ρ)
k+h∨
) ◦
χν
t
(
e
2πi(µ+ρ)
k+h∨
)
χν
where vk is a nonzero scalar depending only on k and g. In particular, when r = 1
χλ|u21 =
∑
µ∈Pk mod Cδ
e2πi(mλ+mµ)SkΛ0,,µ
◦
χλ
(
e−
2πi(µ+ρ)
k+h∨
)
χµ.
Proof. These follow directly from 3.3 and the identities ur21 = Su
r
12S
−1 and u21 = u−112 Su
−1
12 ,
respectively.
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Corollary 5.12. Let
◦
g be a finite dimensional simple Lie algebra with weight lattice
◦
P and
◦
χλ be the character of the irreducible finite dimensional module of highest weight λ ∈
◦
P+,
then, for any λ, µ ∈
◦
P+,∑
ν∈
◦
P
e−2πimν (SkΛ0,ν)
2 ◦χλ
(
e−
2πi(ν+ρ)
k+h∨
) ◦
χµ
(
e
2πi(ν+ρ)
k+h∨
)
= e2πi(mλ+mµ)SkΛ0,µ
◦
χλ
(
e−
2πi(µ+ρ)
k+h∨
)
,
where mφ is defined the same way as the modular anomaly is for affine algebras and SkΛ0,φ =
|M∗/(k + h∨)M |−1/2∏
α∈
◦
∆+
2 sin π(φ+ρ,α)
k+h∨
.
The evaluations the characters of
◦
gt in 5.11 can be replaced by multiples of the characters
of
◦
g. It is worth that noting that the action of S on untwisted Verlinde algebras gives the
strikingly similar identity∑
ν∈
◦
P
(SkΛ0,ν)
2 ◦χλ
(
e−
2πi(ν+ρ)
k+h∨
) ◦
χµ
(
e
2πi(ν+ρ)
k+h∨
)
= δλµ.
Indeed, the above transformation property is used to define a nondegenerate Hermitian form
on the fusion algebras in other works such as [B], [Ho2]. Pursuing this idea further, one can
say more about the above identity in 5.11. Let us adopt the notation〈 ◦
χλ,
◦
χµ
〉
r
=
∑
ν∈P+
k
mod Cδ
e−2rπimν (St0ν)
2 ◦χλ
t
(
e−
2πi(ν+ρ)
k+h∨
) ◦
χµ
t
(
e
2πi(ν+ρ)
k+h∨
)
.
Theorem 5.13. Let g be of type X
(r)
N , k be a positive integer, and λ, µ ∈ P k+, then there
exists a β = β(g, k) ∈
◦
h∗ and a nonzero scalar v = v(g, k) such that
χλ|ur21 = ve
− πi|β|2
r(k+h∨)
∑
(µ,w)∈P (g,k,λ) mod Cδ
ε(w)e
πi
r(k+h∨)
|µ+ρ−w(λ+ρ)|2
χµ
where the sum is over
P (g, k, λ) = {(µ, w) ∈ P k+ ×
◦
W | µ+ ρ− β = w(λ+ α)(mod (k + h∨)M) where α ∈ rM∗}.
In particular,
〈 ◦
χλ,
◦
χµ
〉
r
=
{
ve
πi
r(k+h∨)
(|µ+ρ|2+|λ+ρ|2−|β|2)∑
w ε(w)e
− 2πi
r(k+h∨)
(µ+ρ,w(λ+ρ))
, if µ+ ρ− β ∈ P k++
0, otherwise
where the sum is over w ∈
◦
W such that µ+ ρ− w(λ+ ρ)− β ∈ rM∗ = rP k.
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Proof. By the transformation rules given in [KP,§3], level k theta functions satisfy
Θλ|ur21 = v
∑
α∈M∗, rα (mod kM)
eπik
−1(α,rα+2β)Θλ+rα+β
for some scalar v ∈ C such that |v| = |((k + h∨)M + rM∗)/(k + h∨)M |−1/2 and β ∈
◦
h∗ such
that
kr|α|2 ≡ 2(α, β) (mod 2Z)
for all α ∈ 1
r
M∩ 1
k
M∗. Applying this to Aλ+ρ =
∑
w∈
◦
W
ǫ(w)Θw(λ+ρ) and finding the coefficient
of Θµ+ρ in the expansion of Aλ+ρ|ur21 for µ ∈ P k+ gives the first result. Note that for
(µ, w) ∈ P (g, k, λ), w(α) = µ+ ρ− β − w(λ+ ρ) ∈ rM∗ and so
(w(α), w(α) + 2β) = |µ+ ρ− w(λ+ ρ)|2 − |β|2.
The second identity in the theorem statement follows immediately from the first and 5.11.
Notice that when r = 1, one has that β = 0 and
〈 ◦
χλ,
◦
χµ
〉
1
is a scalar multiple of
◦
χλ,
matching proposition 5.12. Indeed,
〈 ◦
χλ,
◦
χµ
〉
r
is in general a multiple of a summand of the
character
◦
χλ evaluated at
2πi(µ+ρ)
r(k+h∨)
. Specifically, the summand is∑
w∈
◦
W :
µ+ρ−w(λ+ρ)−β∈rM∗
ǫ(w)ew(λ+ρ).
6 Appendix
6.1 Preliminaries
This section very briefly reminds the reader about the theory of affine Kac-Moody Lie alge-
bras. For greater detail, the reader is encouraged to consult [Ka]. For the sake of simplicity,
affine Kac-Moody Lie algebras will often be referred to as affine Lie algebras or affine alge-
bras.
Let A = (aij)0≤i,j≤ℓ be an irreducible affine (generalized) Cartan matrix and (h,Π,Π∨)
be a realization of A, with
Π = {α0, α1, . . . , αℓ} ⊂ h∗ and Π∨ = {α∨0 , α∨1 , . . . , α∨ℓ } ⊂ h.
Let (
◦
h,
◦
Π,
◦
Π∨) be a realization of the associated finite root system whose Cartan matrix is
◦
A = (aij)1≤i,j≤ℓ. In particular,
◦
Π = {α1, . . . , αℓ} ⊂
◦
h∗ and
◦
Π∨ = {α∨1 , . . . , α∨ℓ } ⊂
◦
h.
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The vector spaces h and h∗ have bases Π∨ ∪ {d} and Π ∪ {Λ0}, resp., where 〈Λ0, α∨i 〉 = δ0i
and 〈Λ0, d〉 = 0. The affine Kac-Moody Lie algebra g = g(A) is generated by h and ei, fi,
0 ≤ i ≤ ℓ, subject to the Chevalley-Serre relations. The Lie algebra ◦g is the Lie subalgebra
of g generated by
◦
h and the generators ei, fi, 1 ≤ i ≤ ℓ, along with their corresponding
Chevalley-Serre relations. The algebra
◦
g is a finite dimensional simple Lie algebra and is
referred to as the underlying simple Lie algebra of g. The transpose At has the realization
(h,Π∨,Π) and has associated affine Kac-Moody algebra gt := g(At) called the transpose
algebra of g(A).
The irreducible affine Kac-Moody algebras are classified (up to isomorphism) by the
affine Dynkin diagrams given in [Ka, Ch. 4]. More precisely, there are three tables of affine
algebras: Aff 1,Aff 2, and Aff 3.
If an affine algebra is isomorphic to one from table Aff r, it is said to be of type X
(r)
N for
X ∈ {A,B,C,D,E, F,G} and N ∈ Z>0. The affine algebras in Aff 1 are called untwisted
affine Lie algebras while those in Aff 2 and Aff 3 are called twisted affine Lie algebras. For
any affine Lie algebra g, the Dynkin diagram of its underlying simple Lie algebra
◦
g can be
obtained from the affine Dynkin diagram of g by removing the 0 node (and all edges attached
to the 0 node).
For an affine irreducible Cartan matrix A, let D(A) denote its Dynkin diagram. The
numerical labels ofD(A) are a0, a1, . . . , aℓ and can be found in the aforementioned tables. The
dual labels a∨0 , a
∨
1 , . . . , a
∨
ℓ of D(A) are the labels of D(A
t). The Coxeter number h =
∑ℓ
i=0 ai
and dual Coxeter number h∨ =
∑ℓ
i=0 a
∨
i play very important roles in the theory.
Using these labels and the Cartan matrix A = (aij)0≤i,j≤ℓ, define the following symmetric
nondegenerate bilinear forms on h and h∗,
(α∨i , α
∨
j ) = aja
∨−1
j aij , (α
∨
k , d) = a0δ0k, and (d, d) = 0 (i, j, k = 0, . . . , ℓ)
(αi, αj) = a
∨
i a
−1
i aij , (αk,Λ0) = a
−1
0 δ0k, and (Λ0,Λ0) = 0 (i, j, k = 0, . . . , ℓ),
respectively. The bilinear form on h induces an isomorphism
ν : h→ h∗
ν(α∨i ) = aia
∨−1
i αi, ν(d) = a0Λ0
which will be used to identify both vector spaces (with little to no warning). We will also be
using the map α 7→ α∨ where α is a nonisotropic element of g∗ and α∨ = 2
(α,α)
ν−1(α). Define
the important isotropic elements
δ =
ℓ∑
i=0
aiαi ∈ h∗ and K =
ℓ∑
i=0
a∨i α
∨
i ∈ h.
The element K is called the canonical central element of g. Also define the element θ =
δ − a0α0, which is a dominant root of ◦g. With these new elements define the new bases
{α1, . . . , αℓ,Λ0, δ} ⊂ h∗
{α∨1 , . . . , α∨ℓ , d,K} ⊂ h
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and the projection map
π : h∗ →
◦
h∗
α 7→ α
with respect to the new basis.
The Weyl group W of g is the group of orthogonal transformations on h∗ generated by
the reflections
si(λ) = λ− 〈λ, α∨i 〉αi
for i = 0, . . . , ℓ. Using the isomorphism ν, W also acts by orthogonal transformations on
h. Let
◦
W be the subgroup generated by si, 1 ≤ i ≤ ℓ, then
◦
W is the Weyl group of the
underlying simple Lie algebra
◦
g. Moreover, the Weyl group W can be decomposed as the
semidirect product
W =
◦
W ⋉ T ∼=
◦
W ⋉M
where M is the lattice spanned by the set
◦
W (a−10 θ), T is the abelian group of translations
by elements of M (acting on h∗), and
◦
W acts on M in the natural way. The elements of T
are written as tα, α ∈M . For g of type X(r)N , in the case r = a0 the lattice M = ν(
◦
Q∨) and
in the case r > a0, M =
◦
Q (see the next subsection for the definitions of relevant lattices).
6.2 Integrable Highest Weight Modules
Throughout this work, we will be dealing with the category of integrable highest weight
modules of level k, where k is a positive integer. This category is endowed with the usual
direct sum structure. (Unfortunately, the usual tensor product does not preserve the level.)
In order to describe these modules, let us very rapidly recall the various lattices and sets
that feature in the representation theory.
Let g be an affine Kac-Moody algebra. Recall that the root lattice Q is the lattice in h∗
generated by the simple roots α0, . . . , αℓ. The coroot lattice Q
∨ is the lattice in h generated by
α∨0 , . . . , α
∨
ℓ . Define the fundamental weights to be elements Λi ∈ h∗ such that Λi(α∨j ) = δi,j, for
i, j = 0, . . . , ℓ. The weight lattice P is the lattice in h∗ generated by the fundamental weights
Λ0, . . . ,Λℓ. The dominant integral weights P
+ is the set of λ ∈ P such that 〈λ, α∨i 〉 ≥ 0 for
i = 0, . . . , ℓ. The regular dominant integral weights P++ are the dominant integral weights
such that the above inequality is strict for all α∨i . When decorated above by the symbol ◦,
these lattices are the corresponding lattices for
◦
g.
A very important element of P++ is
ρ := Λ0 + Λ1 + · · ·+ Λℓ.
The level k of an element λ ∈ h∗ is the quantity 〈λ,K〉. Note that the level of ρ is h∨. Define
the sets
Pk = {λ ∈ P : 〈λ,K〉 = k and (λ, α) ∈ Z for all α ∈M},
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P k = {λ ∈ P : 〈λ,K〉 = k and 〈λ, α∨〉 ∈ Z for all α ∈
◦
Q∨},
P+k = Pk ∩ P+, P++k = Pk ∩ P++, P k+ = P k ∩ P+, P k++ = P k ∩ P++.
For an affine algebra g, an integrable highest weight module of highest weight λ is a
non-trivial g-module V with decomposition
V =
⊕
µ∈h∗
Vµ,
Vµ = {v ∈ V : h · v = µ(h)v for all h ∈ h},
such that λ ∈ P+, there is an element v0 ∈ Vλ (unique up to scaling) that generates V , and
eiv0 = 0 for all i = 0, . . . , ℓ. The irreducible integrable highest weight modules of highest
weight λ ∈ P+ are denoted Lλ. The central element K acts by a scalar k, called the level,
on Lλ. The terminology is consistent since the level of Lλ is the level of λ as an element of
h∗.
6.3 Theta Functions and Characters
This subsection discusses characters and theta functions associated with affine Lie algebras.
For a full account of the theory, see [KP] or [Ka].
Let g be an affine Lie algebra, k ∈ Z>0, and λ ∈ Pk, then the classical theta function of
level k with characteristic λ is defined
Θλ = e
− (λ,λ)
2k
δ
∑
α∈M
etα(λ),
(recall the notation tα given at the end of 6). It can be shown that λ ≡ µ (mod kM + Cδ)
implies Θλ = Θµ. These functions are defined on the half-space Y = {λ ∈ h| Re(λ, δ) > 0}.
Let Thk be the vector space spanned by Θλ, λ ∈ Pk. The following result is found in [Ka,§13].
Proposition 6.1. Let k > 0, then the set of functions {Θλ|λ ∈ Pk (mod kM + Cδ)} is a
C-basis of Thk.
The space Thk admits a right action of the metaplectic groupMp(2,Z), which is a double
cover of
SL(2,Z) =
{(
a b
c d
)
: a, b, c, d ∈ Z and ad− bc = 1
}
.
The group SL(2,Z) has the generators
T =
(
1 1
0 1
)
and S =
(
0 −1
1 0
)
which play a prominent role. The action of A ∈Mp(2,Z) on Θλ is denoted Θλ|A. The same
notation will be used when referring to the action of SL(2,Z) when applicable.
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For r = 1, 2, 3, the congruence subgroups
Γ1(r) =
{(
a b
c d
)
: a, b, c, d ∈ Z and
(
a b
c d
)
≡
(
1 ∗
0 1
)
(mod r)
}
,
are also important. The group Γ1(r) is generated by the matrices
u12 = T
−1 =
(
1 −1
0 1
)
and ur21 =
(
1 0
r 1
)
which satisfy the relations (u12u
r
21)
s = 1, where s = 3, 4, 6 (resp.), and S = u12u21u12 [IS].
If V is a g-module with weight space decomposition
V =
⊕
µ∈h∗
Vµ
such that dim Vµ <∞, the formal character of V is the formal sum
ch(V ) =
∑
µ∈h∗
(dimVµ)e
µ.
For any λ ∈ P k+, define the normalized character or simply character
χλ = e
−mλδch(Lλ)
where mλ is the so-called modular anomaly of λ
mλ =
|λ+ ρ|2
2(k + h∨)
− |ρ|
2
2h∨
.
The complex vector space spanned by the characters χλ of g of level k will be denoted
Chk := Chk(g). The characters can be expressed in terms of classical theta functions. To
explain this, first define the alternants
Aλ =
∑
w∈
◦
W
ǫ(w)Θw(λ)
and let Th−k be the space spanned by the Aλ for λ ∈ P k+. The following result can also be
found in [Ka,§12].
Proposition 6.2. If k > 0 and λ ∈ P k+, then
χλ = Aλ+ρ/Aρ.
Furthermore, χλ ∈ Thk.
In the case when r ≤ a0, the space of characters is invariant under the action of SL(2,Z),
i.e., the action of Mp(2,Z) factors through SL(2,Z). In the case r > a0, Chk is invariant
under certain subgroups of finite index in SL(2,Z). The explicit actions of these subgroups
will be discussed in the upcoming sections.
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